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the upper-level : task assignment 
problem 
        [capability constraints] 
 
the lower-level : constructs the detailed 
trajectory of UAVs 
     [dynamic system] 
     [avoidance the obstacles] 
     [dependency constraints] 
 
   M1-M2 UAV 
       W1-W4 Waypoint 
Position of UAV at each time-step 
       Z1 Obstacle 
Position of UAV 1 
at time-step 3 
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Formulation (1/5) 
NV  : Number of vehicles (UAVs) 
 index : p  
NW : Number of navigation points 
 index : i,               : position 
NZ   : Number of no-fly-zones   
 index : j 
NT  : time steps are used for planning 
 index : t  
UAV: point mass moving in two 
dimensions with limited speed and 
turning rate                   










Position of UAV 1 
at time-step 3 
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Formulation (2/5) 





[1] A. Richards et al. (2002). Co-ordination and Control of Multiple UAVs. In: AIAA 
Guidance, Navigation, and Control Conference (GNC), 2002. 
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Formulation (3/5) 
Avoid a rectangular obstacle: 
(5) 
Visit a waypoint:  
(6) 
[1] A. Richards et al. (2002). Co-ordination and Control of Multiple UAVs. In: AIAA 
Guidance, Navigation, and Control Conference (GNC), 2002. 
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Formulation (4/5) 
Assignment and Time dependency:    
Time dependency:       
    - Each couple :   
                         , 
(7) 
(8) 
The waypoint ik must 
be visited after the 
waypoint  jk  a duration 
of       time units. 
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Formulation (5/5) 
Resources:   
The flight completion time:   
(9) 
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Column generation (1/11) 
 
 Column generation: a prominent method to cope 
with linear programming (integer or mixed) with a 
huge number of variables 
 
 In context of column generation, branch-and-price 
is an indispensable procedure for globally solving a 
problem. Several specialized branch-and-price 
algorithms : generalized assignment problem, vehicle 
routing problems, scheduling problems, etc. 
[2] Dantzig GB, Wolfe P. Decomposition principle for linear programs. Operations 
Research 1960;8:101-111. 
[3] Desaulniers G, Desrosiers J, Solomon MM (Eds.). Column Generation, 
Springer US (2005). 
[4] Lϋbbecke M, Desrosiers J. Selected Topics in Column Generation. Operations 
Research 2005;53(6):1007-1023. 
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Column generation (2/11) 
Feasible trajectory :  
A feasible trajectory of a vehicle p is a trajectory starting from its 
departure, satisfying all moving constraints and visiting at least 
one waypoint i. 
 
Ωp : the set of all feasible trajectories for the vehicle p. 
Ω  : the set of all feasible trajectories 
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     : the moment when UAV p visits 
the last waypoint of the trajectory r 
 
     : the total force used through the 
trajectory r 
Let                                               be a feasible trajectory, 
where                   are waypoints visited by UAV p. The 
performance of this trajectory, denoted g(r), is calculated: 
 
 
                    : the gain of trajectory r 
Column generation (3/11) 
         14 /33 
We define, for each waypoint i ∈ NW, the parameter of 
visitation ari, by : 
 ari = 1 if trajectory r passes waypoint i, 
 ari = 0 otherwise. 
 
       : the time-step for  
         visiting waypoint i 
 
       : the set of all feasible  
         trajectories of UAV p 
         visiting waypoint i 
 
 
Column generation (4/11) 
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The variable θr ∈ {0, 1} is a decision variable which describes whether a trajectory r 
is chosen or not. 
Column generation (5/11) 
(12) 
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Due to the first constraint, we can replace 
 
 
The linear relaxation of problem (12), i.e., 
 
 
is called Master Problem (MP).  
 
               
Column generation (6/11) 
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• Given                        and                      . We consider the 






Column generation (7/11) 
(13) 
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      : is the dual variable related to the visitation constraint of waypoint i  
 
      : is the dual variable related to the implementation constraint of vehicle p. 
 
      : is the dual variable corresponding to the dependency constraint. 
Column generation (8/11) 
(14) 
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• Suppose that                                                        is 






If this condition (15) holds for all 
                 is also the optimal solution of the dual program 
of (MP).  
If not      we will look for a trajectory                for an UAV 




Column generation (9/11) 
(15) 
(16) 
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The sub-problem : 
• Solving the sub-problem leads to solving a problem 
which is quite similar to (11), but with only one vehicle p 
so as to find a trajectory r which satisfies the condition 
(16): 
Subject to : 
  [dynamic system] 
      [avoidance the obstacles] 




    The sub-problem is easier to solve than the original 
problem (11):  
• The set of compatible waypoints : sub-set. 
Column generation (10/11) 
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Step 1. Generate initial sets     for each vehicle p ∈ NV, 
Step 2. Solve the problem (13) in order to obtain the 
optimal solution and its dual solution          ,  
Step 3. For each vehicle p ∈NV, solving the sub-problem 
optimally to find a trajectory                satisfying the 
condition (16) and update 
 
 
Step 4. Iterate step 2-3 until there is no trajectory 
satisfying the condition. 
Column generation-based algorithm : 
Column generation (11/11) 
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If θr is 0-1     the solution θ is optimal. 
 
If θr is fractional       Branching : 2 techniques 
  - Branching 1: there exists a pair (i, p), i is a 
waypoint and p is an UAV such that: 
    





Branching Left Right 
UAV p must visit waypoint i 
 
UAV p does not visit waypoint i 
 
Branching (1/4) 




- Trajectories of UAVs  
s ≠ p. 
- Trajectories of UAV 
p visiting i. 
  
Ω1,R 
- Trajectories of UAVs 
s ≠ p. 
- Trajectories of UAV 
p not visiting i. 
  
Left 
RMP(Ω1,L)  RMP(Ω1,R) 
- Dual Bound 
- IP solution 
- Dual Bound 
- IP solution 
- Dual Bound 
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- Branching 2: there exist a triple (i, p, t), i is a waypoint 
and p is an UAV, t is the visitation time such that: 
    





Branching Left Right 
UAV p visits waypoint i exactly at time t 
 
UAV p does not visit waypoint i exactly at time t 
 
nœud 
θ = (0; 0; 0; 0; 0; 1; 0.5384615; 0; 0.4615385; 0; 0; 0) 
Branching (3/4) 




- Trajectories of UAVs 
s ≠ p. 
- Trajectories of UAV p 
visiting I at time t. 
  
Ω1,R 
- Trajectories of UAVs 
s ≠ k. 
- Trajectories of UAV p 
not visiting i au temps t. 
  
Left 
RMP(Ω1,G)  RMP(Ω1,D) 
- Dual Bound 
- IP solution 
- Dual Bound 
- IP solution 
- Dual Bound 






- Update the best IP solution 
(Best_Obj). 
- Eliminate the nodes providing 
dual bound < Best_Obj 
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Simulation: Data 1 
5760   binary variables 
1446   continuous variables 
16116 constraints 
 
t6 – t9 >= 1 
t1 – t7 >= 2 
         29 /33 
Simulation: Data 2 
12200 binary variables 
1608   continuous variables 
32448 constraints 
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Simulation: Data 2 (cont.) 
2708.42s 
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Conclusion and perspectives 
• Present the problem of coordination and control multiple 
UAVs. 
• Propose a branch-and-price algorithm to solve the 
addressed problem. 
• Compare numerical results obtained by our approach with 
those given by CPLEX. 
Perspectives : 
• Study and analyze other methods to build UAV trajectory 
• Parallelize the trajectory search for all drones to speed up 
the computation time. 
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